
Influence of Drag Reducing Polymers on 
Turbulent Mass Transfer to a Pipe WaII 

Completely developed and entry region mass transfer rates in turbu- 
lent pipe flow of drag reducing polymer solutions were studied experi- 
mentally using electrochemical techniques. The percent change in the 
fully developed mass transfer rate at a given volumetric flow was found 
to be greater than the percent change in the pressure gradient. The data 
are interpreted by using the law of the wall, valid for Newtonian fluids 
at large Schmidt numbers, whereby K +  is related to Sc-0.74. The propor- 
tionality constant is correlated with percent drag reduction and is found 
to decrease with increasing drag reduction. The use of an analogy be- 
tween momentum and mass transfer predicts a somewhat greater mass 
transfer reduction than was observed. 
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SCOPE 
A number of investigators (Corman, 1970; Debrule, 

1972; Gupta et al., 1967; Morrucci and Astarita, 1967; 
McNally, 1968; Smith et al., 1969) have established that 
drag reducing polymers can cause a reduction in the 
rate of turbulent heat transfer between a wall and aqueous 
solutions with Prandtl numbers in the range of 5 to 10. 
This paper describes a study of turbulent mass transfer 
in a pipeline with a diameter of 2.61 cm. Entry region 
and fully developed mass transfer coefficients are pre- 
sented for dilute solutions of the high molecular weight 

polyacrylamide, Separan AP-30, at Reynolds numbers 
from 13 000 to 86 500. 

These measurements were made using an improved 
electrochemical technique applicable to drag reducing 
aqueous solutions. The results are of particular interest 
since they give information on scalar transport at high 
Schmidt numbers, from 950 to 1260. A form of the 
Reynolds analogy is examined to see if it can relate 
mass transfer to momentum transfer for drag reducing 
solutions. 

CONCLUSIONS AND SIGNIFICANCE 
The percent change in the fully developed mass trans- 

fer rate at a given volumetric flow is found to be greater 
than the percent change in pressure gradient. The de- 
crease in the mass transfer rate caused by the addition 
of drag reducing polymers is associated with changes 
in both the turbulence close to the wall and the Schmidt 
number. 

The law of the wall relation 

developed by Shaw (1976) for Newtonian fluids has 
been used to take into account the influence of Schmidt 
number. The coefficient B is correlated with percent drag 
reduction in Figure 9. It  is found that it decreases with 

increasing drag reduction, being about 20% lower than 
for a Newtonian fluid at 40% drag reduction. This is 
consistent with the finding that turbulent velocity fluc- 
tuations normalized with the friction velocity U" are 
smaller for drag reducing fluids than for Newtonian 
fluids in the region occupied by the concentration bound- 
ary layer. Hozever, since no theory exists which cor- 
rectly relates turbulent mass transfer to the fluctuating 
velocity close to a wall, it is not possible to relate the 
change in B to observed changes in turbulence properties 
close to a wall. 

The analogy between momentum transfer and mass 
transfer agrees with the observation that the mass trans- 
fer rate is decreased more than the pressure gradient 
but overpredicts the amount by which mass transfer rate 
is decreased. 

RELATION TO PREVIOUS WORK 

Mass transfer rates at high Schmidt numbers have been 
studied previously either by determining the decrease in 
weight of a soluble wall with time or by measuring the dif- 
fusion limited current flowing to a wall which is one 
of the electrodes of an electrolysis cell. Results obtained by 
the first of these methods are of uncertain reliability 
(Shaw, 1976) because as pointed out by Linton and Sher- 
wood (1950) small fissures and surface roughnesses can 
develop while the dissolution is progressing. In previous 
work at this laboratory, Van Shaw (1963) and Son ( 1967) 
used the electrolysis method with Newtonian fluids to 

Correspondence concerning this paper should be addressed to 
Thomas J. Hanratty, Department of Chemical Engineering, University O f  
Illinois, Uxbana, Illinois ti1801. 

determine turbulent mass transfer rates to the wall of a 
circular tube by carrying out the ferricyanide-ferrocyanide 
redox reaction in the presence of a large excess of sodium 
hydroxide electrolyte. The only previous study of turbulent 
mass transfer in pipe flow of drag reducing solutions was 
carried out by Sidahmed and Griskey who used this elec- 
trolysis experiment to investigate mass transfer in dilute 
solutions of the polymer polyethylene oxide. These mea- 
surements were restricted to Reynolds numbers from 
10 000 to 15 000 and to conditions of entry region mass 
transfer so that definite quantitative information about 
fully developed mass transfer rates could not be obtained. 
However, the results do indicate that the mass transfer rate 
is reduced in polymer solutions. 

We initially attempted to use the ferricyanide-ferrocy- 
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Fig. 1.  Flow system. 

anide electrolysis reaction to study the influence of dis- 
solved polyethylene oxide and of dissolved Separan A1'-30, 
a high molecular wright polyacrylamide, on fully devel- 
oped mass transfer rates. We found that the drag reducing 
polymers degraded so rapidly in the presence of sodium 
hydroxide that meaningful measurements could not be 
made. Therefore, we sought an electrochemical system in 
which polymer degradation is minimal and selected the 
diffusion limited cathodic reduction of tri-iodide ion in a 
potassiuin iodide electrolyte. This system did not cause 
serious chemical degradation of drag reducing polymers. 

DESCRIPTION OF EXPERIMENTS 

We used this tri-iodidehodide electrolysis system to in- 
vestigate turbulent mass transfer to the wall of a 2.61 cm 
&am. circular tube for dilute solutions of the high molec- 
ular weight polyacrylamide Separan AP30, with concen- 
trations ranging from 50 to 325 p.p.m. We measured 
both the entry region and fully developed mass transfer 
coefficients at Reynolds numbers ranging from 13 000 to 
86 500. The majority of measurements were made under 
conditions where both the concentration and velocity fields 
were fully developed. Preliminary experiments to study 
entry region mass transfer were done mainly to characterize 
the influence of drag reducing polymers on the mass trans- 
fer entry length and to assure that subsequent measure- 
ments were made where the concentration boundary layer 
had become fully developed. The pressure drop and mass 
transfer coefficient were measured simultaneously with the 
same test section so that the reduction of the mass transfer 
rate and pressure gradient could be compared directly. 

The experiments were carried out in the flow loop built 
by Van Shaw (1963) and shown in Figure 1. A 427 cm 
long section of straight pipe preceded the test section to 
insure that the flow field was fully developed. The elec- 
trolytic solution was circulated by a one-stage screw type 
of hloyno pump to minimize mechanical degradation of 
the shear-sensitive polymer. Figure 2 shows the 2.61 cm 
diam. test section in greater detail. This test section was 
designed to accommodate cathodes of both 6.35 and 8.26 
cm length which were made of platinum plated brass tube 
having the same inside diameter as the adjoining Plexiglas 
segments of the test section. The anode consisted of a 
platinum plated brass section 6.35 cm in length upstream 
from the cathode and a 152 cm length of nickel pipe 
downstream from the cathode. 

Piezometer ring pressure taps were located 60.96 CIT~ 

apart. Each had four 1.6 mm diam. holes drilled throllgh 
the tube wall at locations 90 deg. apart. An enclosed Plexi- 
glas annulus, 2.54 cm wide and 0.64 cm deep, was glued 
around the holes. The pressure drop between the two 
pressure taps was measured with manometers using either 
Merian fluids D7878 (specific gravity = 1.200) or D8325 
(specific gravity = 1.75). 
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The electrolyte used in the measurements consisted of 
iodine ( 3 x 10-4 to 10-%1) dissolved in 0.5 h l  potassium 
iodide solution. This system has heen studied by Newson 
and Riddiford (1961) and by Chin ( 1971). The reactions 
occurring at the cathodc and anode were 

Tcst electrode (cathode) 

Reference electrode (anode) 

13- + 2e- + 31- 

31- -+ Is- + 2e- 

The anodes were at ground potential, and the negative PO- 
tential of the cathode was kept large enough that the 
cathodic reaction was diffusion limited. That is, the reac- 
tion rate was fast enough that the concentration of the tri- 
iodide ion at the cathode surface was close to zero. Under 
these circumstances, the mass transfer coefficient K is de- 
termined by measuring the electric current flowing in the 
electrolysis cell I: 

1 
K =  

n,FA CB 
The electrical circuitry used to control the voltage and to 
measure I has been described in a number of previous 
papers from this laboratory ( Fortuna and Hanratty, 1972; 
Son, 1967), and in a thesis by hIcConaghy (1974). 

The cathode shown in Figure 3a was used to determine 
the distance from the upstream edge at which the concen- 
tration boundary layer became fully developed. The cath- 
ode body was an 8.26 cm long brass tube. Platinum wires 
with diameters of 1.02 mm were secured in holes 1.27, 
1.90, 2.54, 3.17, 3.81, 5.05, and 6.33 cm from the up- 
stream edge with Cycleweld epoxy glue which also in- 
sulated them from the surrounding metal surfaces. 

The measurements of the mass transfer coefficient under 
fully developed conditions were obtained with the cathode 
shown in Figure 3b. The cathode body was a 6.33 cm long 
brass tube. The local mass transfer coefficient was deter- 
mined at  a position 5 0 5  cm from the upstream edge of the 
cathode by measuring the current flowing to one of the test 
electrodes embedded in the cathode. At this position, a 
1.59 mm deep by 6.35 mm long by 38.1 mm wide slot was 
milled in the outside wall of the tube. At midlength in the 
slot, ten small holes were drilled through the wall to admit 
five 0.320 mm and five 0.643 mm diam. circular platinum 
wires. The holes were 2.29 mni apart and were 0.25 mm 
larger in diameter than the corresponding platinum wires. 
The wires were glued in place as just described. 

The finishing procedure for the two cathodes shown in 
Figure 3 was the same. The inside wall of the brass tube 
w a  polished with Sandwet 200 silicon carbide paper to re- 
move roughness resulting from machining. Then the cir- 
cular test electrodes were glued as described above. After 
the glue had set for 48 hr, the inside surface was polished 
successively with Sandwet 400 nnd 600 silicon carbide 
paper to remove excess epoxy cement and give the surface 
a very smooth finish. Finally, the surface was treated with 
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TABLE 1. DIFFUSION COEFFICIENT FOR TRI-IODIDE IONS 

Direction of Flow 1_ (v 

a )  Cathode to Study Mass Transfer Entry Region 

+ 

Direction of Flow 

b) Cathode to Study Fully Developed Mass Transfer 

c )  Test Electrode Details 
Fig. 3. Cathode elements. 

polishing compound and rinsed thoroughly with warm 
soap solution in preparation for plating. The test sections 
were plated with Engelhard platinum plating solution No. 
209 at 93°C for 45 min. Details of the plating procedure 
are given by Shaw (1976). The entire inside wall of the 
cathode is then a smooth platinum surface with a number 
of isolated circular elements to measure local mass transfer 
rates. 

The electrolyte and polymer solutions were prepared 
fresh before each experiment by f-ollowing a standard pro- 
cedure. Potassium iodide and iodine were added to de- 
ionized water, and the solution was mixed with an electric 
stirrer until dissolution was completed. Six liters of a con- 
centrated 0.5 wt % aqueous solution of Separan AP-30 
were prepared separately. This was done by sprinkling the 
polymer powder slowly onto the surface while the solution 
was mixed gently. This polymer master solution was mixed 
for at least 4 hr to insure that it was clear and free from 
gelled lumps of undissolved polymer. At the same time, the 
electrolyte was pumped through the flow loop until stable 
conditions of temperature and itow rate were attained. The 
required amount of master polymer solution was then 
added to the electrolyte to obtain the desired concentra- 
tion. Mass transfer measurements commenced when the 
flow rate and pressure drop attained steady values. 

The concentration of iodine was determined by titration 
with sodium thiosulfate using starch as an indicator. The 
kinematic viscosity of all solutions were measured with a 
Cannon-Fenske capillary viscometer. Diffusion coefficients 
of tri-iodide, measured in the Couette flow apparatus de- 
scribed by Fortuna (1972), are summarized in Table 1. 
The measurement for the electrolyte is very close to the 
value of 1.13 X l O W 5  reported by Newson and Riddiford 
(1961) for 0.1 M KI .  The diffusion coefficient measured 

Separan AP-30 
concentration, pap.m. D, cmVs 

0 
25 
50 

100 
200 
400 

1.15 x 10-5 
0.95 
0.92 
0.86 
0.92 
0.88 

in the polymer solutions is lower than in the electrolyte 
solvent but did not decrease systematically with increasing 
polymer concentration in the range of these experiments, 
An average of the values shown in Table 1 for the polymer 
solutions was used to calculate the Schmidt number char- 
acterizing the mass transfer measurements with drag re- 
ducing solutions. 

RESULTS 

Friction Factors 

The pressure drop was measured simultaneously with 
the mass transfer rate during all experiments. Fanning 
friction factors 

calculated from these measurements are shown in Figure 4. 
The range of Reynolds numbers was 13 100 to 86 500 for 
the solvent and 17 950 to 54 900 for the polymer solutions, 
where the solution viscosity was used to compute the 
Reynolds number for the drag reducing fluids. The friction 
factor measurements for the Newtonian solvent agree well 
with the Blasius formula 

f = 0.0791 Re-1'4 (3)  

The four solutions of Separan AP-30, having concentrations 
ranging from 50 to 325 p.p.m., show typical drag reducing 
behavior. 

We used the definition of percent drag reduction 
adopted by a number of previous investigators (Hoyt, 
1972; Lumley, 1969; Reischman, 1973) : 

% D.R. = ( 1 - - 2 >oxloo (4)  

The subscript Q indicates that the polymer solution is com- 
pared to the solvent at the same flow rate. The greatest 
drag reduction achieved in any of our experiments was 
about 55 %. 
Mass Transfer Entry Length 

Mass transfer experiments were initially performed with 
the cathode shown in Figure 3a to determine the condi- 
tions for which the mass transfer process is fully devel- 
oped. Measurements of the dimensionless local mass trans- 
fer coefficient K +  = K/u" for the solvent are plotted 
in Figure 5 as a function of the dimensionless distance from 

the upstream edge of the cathode, x +  = - . These mea- 

surements indicate that the mass transfer coefficient is 
independent of x+ for x +  > 1000. The data show some 
scatter because of slight variations of the surface areas of 
the circular test electrodes. 

Similar measurements were made for the 60 and 125 
p.p.m. solutions of Separan AP-30. I t  was observed that 
the local dimensionless mass transfer coefficient is inde- 

xuo 
V 
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Fig. 4. Friction factor for solvent and polymer solutions. 

pendent of X +  over most of the cathode surface. The value 
of the mass transfer coefficient depended on the Reynolds 
number, amount of drag reduction, and Schmidt number 
of the solutions. It was found that these effects could be 
taken into account by normalizing the mass transfer coeffi- 
cient by its limiting value, determined by the test electrode 
farthest downstream. The dependence of the normalized 
mass transfer coefficient K / K ,  on axial distance X +  is 
shown in Figure 6. The mass transfer coefficient for the 
polymer solution attains a fully developed value for x +  > 
1000. Eight of the points which fall significantly above 
the other data in Figures 5 and 6 are from the same elec- 
trode, which apparently had a deformed surface. 

Local Fully Developed Mass Transfer Coeffkients 
The local mass transfer coefficients for a fully developed 

mass transfer boundary layer, determined using the cath- 

-4 CD 

0 0  
0 0  

+ 
I 

Fig. 6. Mass transfer entry length for polymer solutions. 

t 
164 I I I I I I I I I I  I I I I I I l l  

loe lo3 10' 

X+ 

Fig. 5. Mass transfer entry length for solvent. 

ode shown in Figure 3b, were made under conditions that 
the test electrode was at x+  

for the runs summarized in Figure 4 are 
presented in Table 2 and plotted in Figure 7. The mass 
transfer coefficient is clearly reduced by the addition of 
drag reducing polymers. A comparison of Figures 4 and 7 
shows that the amount of mass transfer reduction is re- 
lated to the amount of drag reduction. This is shown in 
Figure 8, where the percent mass transfer reduction de- 
fined as 

1 500. 
Values of 

( 5 )  

is plotted against the % DR. It  is noted that the % MTR 
is greater than the % DR when the comparison is made 
at the same volumetric flow rate. There is no available 
theoretical explanation for the mass transfer coefficient 
being reduced more than the pressure gradient. An analogy 
based on eddy transport coefficients for drag reducing 
solutions, developed later in this paper, predicts mass 
transfer reduction illustrated by the dashed line in Figure 
8. The analogy predicts an even greater reduction in mass 
transfer than was actually measured. 

COMPARISON OF MASS TRANSFER MEASUREMENTS 
USING T H E  L A W  OF T H E  W A L L  

The change in the mass transfer coefficient by the ad- 
dition of drag reducing polymers is associated with 
changes of the Schmidt number as well as the turbulence 
properties. In order to take account of the influence of 
Schmidt number, we use law of the wall considerations. 

For large Schmidt numbers, the concentration changes 
to its bulk value within the viscous sublayer. Consequently, 
the flow field within the concentration boundary layer is 
independent of the dimensions of the pipe and can be 
correlated using the friction velocity uQ as a characteristic 
velocity and the ratio of the kinematic viscosity and the 
friction velocity as a characteristic length v/u*. 

Mass transfer data for large Schmidt numbers have also 
been correlated using this law of the wall. A dimensionless 
mass transfer coefficient is defined as K,+ = K,/u". From 
dimensional considerations, it follows that 
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TABLE 2. AVERAGE MASS TRANSFER MEASUREMENTS t~ SOLVENT AND POLYMER SOLUTIONS 

Calculated From Eddy 

Re 

13 120 
15 560 
20 860 
21 850 
30 770 
43 620 
58 380 
63 818 
64 894 
86 540 
22 310 
37 500 
21 900 
19 000 
37 700 
17 950 
26 190 
33 950 
21 900 
28 030 
38 540 
45 840 
54 900 
46 450 

Separan AP-30 
concentration, 

u b ,  C m / S  uo, cm/s p.p.m. % D.R. sc 

39.9 2.42 - - 692 
48.5 2.89 - - 704 
63.4 3.64 - - 692 
67.6 3.86 - - 705 
95.4 5.21 - - 704 

135.2 7.07 - - 704 
181.0 9.13 - - 704 
194.4 9.70 - - 694 
197.7 9.84 - - 694 
264.2 12.69 - - 696 
72.9 3.69 50 19 946 

122.5 5.66 50 24 946 
79.3 3.79 150 27 1 049 
77.2 3.79 250 23 1178 

153.4 5.82 250 46 1178 
78.3 3.79 325 25 1 264 

114.3 4.78 325 38 1 264 
148.2 5.83 325 42 1 264 
79.4 3.89 150 23 1 050 

101.6 4.57 150 31 1 050 
139.7 5.66 150 39 1050 
166.2 6.61 150 39 1 050 
199.0 7.61 150 41 1050 
192.4 7.11 250 45 1199 

Shaw (1976) has recently determined empirically that the 
dependency on Schmidt number is given as 

(7) K,+ = B sc-0.704 

We use this relation to compare mass transfer rates in 
polymer solutions with mass transfer rates in Newtonian 

~ 

I I I , ! ,  

0 Newtonian Solvent 
0 5 0 p p m  Separan AP-30 
A I 5 0  ppm Seporon A P - 3 0  
0 250 ppm Seporon A P - 3 0  
V 3 2 5  ppm Seporon A P - 3 0  

PI 

fluids in Figure 9. Here 

BP - ( K , +  S C - O . ~ ~  )P 

B N  ( K , +  Sc-0.'O4 )N 
- _  

- 
&+ 

1.04 x 10-3 
1.03 
1.04 
1.10 
1.04 
0.99 
0.99 
1.08 
1.05 
1.03 
0.90 
0.76 
0.72 
0.69 
0.56 
0.65 
0.60 
0.54 
0.84 
0.73 
0.68 
0.64 
0.60 
0.60 

(8) 

is plotted against the percent drag reduction. I t  is noted 
that B p  is less than that determined for a Newtonian solu- 
tion. This indicates that the decrease in K, for polymer 
solutions is greater than the decrease in friction velocity. 
These results are consistent with measurements of the in- 
fluence of drag reducing polymers on velocity fluctuations 
close to the wall. These show that the root-mean-square 
value of the three components of the turbulent velocity 
fluctuations decrease more than would be indicated by the 
law of the wall. 

Fortuna's (1972) measurements of the fluctuating veloc- 
ity gradient at the wall indicate that close to a wall the 

80 

40 

R e  

Fig. 7. Mass transfer coefficient in solvent and polymer solutions. 
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- 
- 0 5 0  ppm Separan AP-30 
- V 150 ppm Separan AP-30 - 

0 250 ppm Separan AP-30 
- A 325 ppm Separan AP-30  

- I Predicted From 50 ppm - 
- 3 Predicted From 250 ppm - 

- 
- 

- 
- - 

2 Predicted From 150 ppm 

4 Predicted From 325 ppm 

ratio of the root-mean-square values of the streamwise and 
transverse components of the fluctuating velocity to the 
local average velocity decreases with increasing drag re- 
duction. Of more interest with respect to the interpretation 
of mass transfer data is the component of the turbulent 
velocity fluctuation normal to the wall. The measurements 
of Logan (1972) and of Carpenter (1973) show that the 
root-mean-square value of this component normalized with 
respect to the friction velocity is less in polymer solutions 
if the comparison is made at the same value of y+ = 

At present no theory is available to relate turbulent mass 
transfer to the fluctuating velocity field close to a wall. 
Consequently, it is not possible to relate the reduction in 
the coefficient B in ( 7 )  to observed changes in turbulence 
properties close to a wall caused by the addition of drag 
reducing polymers. 

y u ” / v .  

1.0 b 0 0  

0.8 I 00 
0 0 

00 0 

INTERPRETATION OF MASS TRANSFER DATA USING 
AN ANALOGY WITH MOMENTUM TRANSFER 

A number of previous investigations (Cormar., 1970; 
hlarrucci and Astarita, 1967; hlcNally, 1968; Poreh and 
Paz, 1969; Smith et al., 1969) have used an analogy to 
momentum transfer as a basis for interpreting results on 
the effect of drag reducing polymers on heat transfer. 
These analogies can be developed in terms eddy trans- 
port coefficients for momentum E and for mass E ~ :  

1 1 
10 20 30 40 50 

% Drog Reduction 

Fig. 9. Comparison of mass tronsfer coefficients for polymer solu- 
tions with mass transfer coefficients for Newtonian solutions using 

the law of the wall. 

_- and 

where T and i are the local momentum and mass fluxes in 
the y direction, The variation of E with y is determined 
from velocity measurements, and eM is calculated by as- 
suming it is related to E. A relation between the mass trans- 
port coefficient and the friction factor is then determined 
by solving the mass balance equation. The usual assump- 
tion is that eM is directly proportional to L: 

1. = sct = constant (11) 
‘M 

We have used the analogy in the form of (11) by as- 
suming that the constant of proportionality is the same for 
drag reducing and Newtonian fluids. Because of the thin- 
ness of the concentration boundary layer at large Schmidt 
numbers, it is necessary to know the variation of E within 
the viscous sublayer in order to apply the .analogy. This 
presents difficulties, since measurements of T ( y )  in the 
viscous sublayer are insensitive to the choice of ~ ( 9 ) .  
Therefore, two empirical relations for E ( y ) have been used 
for this purpose. 

The eddy viscosity function suggested by Cess (1958) 

Newtonian Solvent (Sc - 700) 

I 6’ 

.2R+2 [ l - (&Yl”  
- = - {  € 1  1 + 7  
v 2  

predicts the following relations for the viscous sublayer: 

An expression devised by Leviton (1968) 
Re 

Fig. 10. Comparison of mass transfer coefficient predicted with 
Cess model to experimental measurements. 

L-LEL[1- (3 ] [  - 1 + 2 ( 3 ]  
V 6 
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has the following limiting form for small y+ ; 
f 

(y+>3  - --- 
v A=+= 

Both the Cess and Leviton equations have two adjustable 
constants which are evaluated by comparing computed 
mean velocity profiles with experimental measurements. 
The von Karman constant in both equations K has a value 
of 0.40 both for Newtonian and for drag reducing fluids 
(6 ) .  The one remaining adjustable constant A+ accounts 
for viscous damping of turbulence near the wall. Values 
of Ac+ = 24.5 and ALf = 23.0 give the best agreement 
between calculated velocity profiles and Laufer’s ( 1954) 
measurements. 

Increasing values of A+ correspond to an increasing 
thickness of the viscous wall region. Reischman (1973) 
has shown that the Cess eddy viscosity with Ac+ larger 
than the Newtonian value describes his velocity profiles 
measured for polymer solutions. Values of Ac+ and AL+ in 
Equations (13) and (14) can therefore be calculated by 
comparing measurements of the friction factor with solu- 
tions of the momentum balance equations using Equa- 
tions ( 12) and (14).  

As shown by Son (1967), a solution of the mass balance 
equation using Equations ( 11), ( 13), and ( 15) yields 

for the Cess relation and 

for the Leviton relation. Different values of S C ~  are deter- 
mined from (16) and (17) by comparing the calculated 
K,+ with measurements for Newtonian fluids. 

Details of these calculations can be found in the thesis 
by McConaghy (1974), where calculated values of K.+ 
are compared with measurements reported in this paper. 
Results obtained with the Cess relation are shown in Fig- 
ures 8 and 10. These are not much different from those 
derived from the Leviton equations. 

The analogy is consistent with measurements in that it 
predicts a greater decrease of mass transfer rates than of 
pressure drop. However, as shown in both Figures 9 and 
10, the analogy predicts a greater decrease in KO+ than 
what is measured. This suggests that the decrease in the 
magnitude of the turbulent velocity fluctuations caused 
by the addition of drag reducing polymers has a greater 
effect on momentum transfer than on mass transfer. This 
conclusion, however, should be accepted with reservation 
since, as suggested in a recent study by Shaw (1976), the 
analogy could be incorrect at large Schmidt numbers in 
that the equation describing the variation of cM has a dif- 
ferent form than that for P. 
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NOTATION 

A = surface area of cathode, om2 
Ac+ = constant appearing in the Cess equation 
AL+ = constant appearing in the Leviton equation 
B = proportionality constant in Equation (7) 
C = time averaged concentration, mole/cm3 
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bulk averaged concentration, mole/cm3 
diameter of the tube, cm 
molecular diffusion coefficient, cm2/s 
Fanning friction factor 
Faraday’s constant, 96 500 coul/equiv 
current, amp 
mass flux, mole/cmZ/s 
mass transfer coefficient, cm/s 
dimensionless mass transfer coefficient, K/u* 
fully developed mass transfer coefficient 
distance between pressure taps, cm 
number of electrons in the reduction reaction 
pressure difference, g/cm2 s 
Reynolds number = d U B / V  
dimensional radius of the tube = Ru*/v 
dimensional radial distance = ru*/v 
Schmidt number = u / D  
turbulent Schmidt number = C / E ~  

time averaged streamwise velocity, cm/s 
bulk averaged velocity, cm/s 
friction velocity = ( ~ ~ / p )  %, cm/s 
dimensionless axial distance = X U * / V  

distance from the wall, cm 
dimensionless distance from the wall = p * / v  

Greek Letters 

B = eddy viscosity, cm2/s 
cM 
K = Von Karman constant 
v = kinematic viscosity, cm2/s 
p = density, g/cm3 
T 

rW 

Subscripts 

N = Newtonianfluid 
P = polymer solution 
S 
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Crystal Size Distribution Dynamics in a 
Classified Crysta II izer 
Part I. Experimental and Theoretical S tudy of Cycling in a 

Potassium Chloride Crystallizer 
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CycIes in particle size and slurry density were experimentalIy observed 
in a mixed suspension, potassium chloride crystallizer equipped with a fines 
dissolver and having nonrepresentative product withdrawal. Cycling be- 
havior was achieved with a product crystal elutriator but was also observed 
with changes in the orientation of the product removal tube, indicating that 
instability was induced by product classification. Simulation of the unstable 
runs with a dynamic model showed crystal size distribution (CSD) limit 
cycles of similar period using nucleation kinetics and process conditions 
measured experimentally. The computer simulation showed no tendency 
towards cycling for the stable runs. 

SCOPE 

CSD is an important property of an operating crystal- 
lizer. Much effort has been spent in reducing CSD tran- 
sients and eliminating CSD instability in industrial crys- 
tallizers in order to make a product within the desired 
size range at the desired production. Extreme CSD cycling 
can cause production losses due to off-specification prod- 
uct, overload of dewatering equipment, and exacerbated 
equipment fouling. Transients of CSD are caused by out- 

Correspondence should be directed to Dr. Randolph. James R. Beck- 
man is at California State University, Northridge, California. 

side crystallizer upsets (for example, dilution addition, 
feed rate or composition change, interior fouling, etc.), 
while unstable CSD’s result from the interaction of the 
system kinetics with the particular crystallizer configura- 
tion. The present study demonstrates, both experimentally 
and theoretically, the phenomenon of low-order cycling 
wherein CSD instability is caused by the crystallizer 
configuration (fines destruction and classified product re- 
moval) in a stable low-order region of nucleation vs. 
supersaturation response. 
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